INDEX

Absolutely convergent series, 140
Absolutely integrable, 197
Abstract vector space, 107
Acceleration, 254

normal, 335

particle, 335

tangential, 335
Addition

in the plane, 21

in R", 28
Adjoint matrix of an entry, 72
Adjoint of a linear transformation,

123

Algebra

of linear operations, 59

of n X n matrices, 60
Analytic continuation, 450
Analytic function, 400, 441, 534,

584

Angular velocity, 626
Annihilator of a subspace, 122
Approximation, 126
Arc length

definition of, 331

on a surface, 643

(Problem 22), 258

Area, 572
surface, definition of, 651
Argument, 87
Axiom of the least upper bound,
134

Ball, 111

Basis, 47

Bessel’s inequality, 497
Bilinear function, 122
Binormal, 359

Biotic matrix, 253
Boundary of a set, 123

Cannes, 185
Cartesian product, 16
Cauchy

uniformly, 204

theorem of, 205

Cauchy criterion, 132, 401
Cauchy formula, the disk, 510
Cauchy integral formula, 585
Cauchy theorem, 583
Cauchy-Riemann equation, 432
Cayley-Hamilton theorem, 76
Chain rule, 168, 229, 233, 540
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Change of basis, 82
Characteristic polynomial
of L, 2717, 411
of M, 76
Circular motion, 338
Circulation of a flow, 626
Clairaut’s equation, 372
Closed, 112, 156
Closed and bounded, 158
Closed path, 555
Closure of a set, 123
Coeflicients
Fourier, 454
Fourier cosine, 481
Fourier sine, 481
real Fourier, 476
Taylor, 246

Contained in, 16
Continuity (Section 2.5), 159
Continuous, 160, 201, 206
Continuously differentiable, k-
times, 240

Contraction, 213, 268

lemma, theorem, 213
Convergence

Cauchy criterion, 154

in R", 153

mean square, 496

of a sequence, 131

of a series of functions, 401

uniform, 203
Convolution (Problem 25), 508
Convolution transform, 520
Coordinate axes, 18

Cofactor, 65 Coordinate particle (of a flow), 612
expansion, 72 Coordinate relative to a basis, 108
Collinear, 24 Coordinate space (of a flow), 612
Compact set in R", 156 Coordinates
Comparison test, 147, 198, 402 cylindrical, 536, 635
theorem of, 147 in R3, 94
for integrals, 198 polar, 535
Complex derivative, 428 spherical, 536
Complex eigenvalue, 89 Coplanar vectors, 93
Complex number (Section 1.8), 85 Counterclockwise, 577
argument, 87 Cramer’s rule, 72, 74
modulus, 88 Curl
polar form, 87 of a flow about n, 626
Compound interest example of, 251 of a vector field, 630
Conditionally convergent series, 140 Curvature
Connected, pathwise, 557 geodesic (Problem 24), 655
Connected set, (Problem 78), 224 lines of (Problem 65), 693
Conservative field, 557, 632 normal, 692
Constant coefficient (Problem 25), 656
differential operators, 410 of a curve, 336
equation, homogeneous, 262 principal (Problem 62), 692
linear differential equation (Sec- Curve, 313
tion 5.3), 410 binormal, 359
linear differential operator, char- curvature, 336, 352

acteristic polynomial, 411 Frenet-Serret formula, 360



implicitly defined, 317
length of, 331
moving trihedron, 359
normal

line, 350

plane, 359

vector, 351
of a minimal length, 646
osculating plane, 350
parametrization of, 313
piecewise continuously differen-

tiable, 555
principal normal, 335
rectifying plane, 359
tangent line, 324
torsion, 360
unit tangent, 322
Curves, family of, 365

Density, 183, 613
de Rham’s theorem, 566
Derivative, 166
directional, 192
partial, 187
Determinant, 61
cofactor expansion of, 67, 69
Developable surface, 642
Diagonalization, 77
Differentiable, 166, 228
definition of, 166
function on R™, 527
Differential, 193, 527
Differential equations (Section 3.3),
250
of a family of curves, 370
of the tangent family of a vector
field, 383
on the circle (Section 6.6), 505
Differential form (Section 7.3), 547
closed, 548
exact, 548
radial (Problem 27), 573
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Differential operator, linear, 276
Differentiation, 166

complex (Section 5.6), 428

partial, 187
Dimension, 40

of an abstract vector space, 107
Direct sum, 122
Directional derivative, 192
Dirichlet principle, 674
Dirichlet problem, 471

on the disk, 469

on the half plane, 524
Dirichlet theorem, 674
Dissipative functions, 597, 682
Distance

in C(X), 203

in R*, 111

mean square, 496
Divergence of the flow, 582, 619
Divergence theorem (Exercise 27),

673

in R?, 581

in R3, 670
Domain of a function, 17

regular, in R2, 568, 571

in R3, 662, 668

€ ¢, 16
¢ — & criterion (Proposition 13),
160
Eigenspace, 85
Eigenvalues, 76
of a skew symmetric matrix
(Problem 32), 302
of a symmetric matrix (Example
8), 236
Eigenvectors, 76
of linear systems of differential
equations, 280
Elementary matrices, 32, 63
Elementary transformations, 32
Empty set, &, 16
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Energy

conservation of, 612

integral, 674

kinetic, 501

potential, 557
Envelope of a family of curves, 376
Equation

heat, 467, 489

Laplace’s, 467

of continuity, 617

wave, 482
Equations of motion, 311
Equations of a particle, 335
Euclidean inner product, 114

in R*, 111

in R3, 97
Euclidean vector space, 113
Expansion

Fourier, 454

Laurent (Problem 38), 601

Taylor, 246
Exponential, 262

of a matrix, 279

(Problem 93), 226
Exponential function, definition of

(Proposition 25), 210

Exponential order, 521

Family of curves, 365
differential equation of, 370
envelope of, 376
explicit form, 366
implicit form, 366
orthogonal family, 374
tangent to a vector field, 383

Fetah, 253

Field, 306
conservative, 557

First fundamental form on a sur-

face, 643
First-order linear equations, 264
Fixed point, 209

Fixed point theorem (Section 2.11),
211
(Theorem 2.15), 213
Fluid flows, 385
circulation, 626, 660
curl about n, 626
divergence of, 582, 619
equations of motion, 310, 611
incompressible, 618
irrotation, 631
steady, 612
velocity field, 612, 385
Flux of a field, 660, 667
Force field, 255, 306
Fourier coefficient, 454
real, 476
Fourier series (Chapter 5), 452
real, 476
sine, 476, 481
cosine, 476, 481
transform, 523
Frenet-Serret formula, 360
Frenet-Serret frame, in R" (Prob-
lem 66), 398
Fubini’s theorem, 177, 184, 189
Function, 17
analytic, 400, 441, 534
continuous, 160, 201
differentiable, 527
dissipative, 596, 682
domain of, 17
infinitely differentiable, 443
flat, 443
invertible, 17
harmonic, 468
linear, 1
Lipschitz, 269
meromorphic, 616
odd, 478
one-to-one, 17
onto, 17
periodic, 452



range, 17
Schwartz test, 523
Fundamental existence and unique-
ness theorems, 271, 273
Fundamental theorem of algebra,
61, 86
(Theorem 5.2), 408
Fundamental theorem of calculus,
172

Gamma function (Problem 48), 608
Garib, 253
Gauss’ theorem (Proposition 11),
681
Geodesics, 645
curvature (Problem 24), 655
Geometric series, 137
Gradient, 193
Gram-Schmidt process, 117
Great circles, 645
Greatest common divisor, 410
Green’s identities (Theorem 8.5),
676
Green’s function (Definition 13),
681
for a half space, 682
for a ball (Problems 40 and 41),
683, 684
Green’s theorem, 567, 571

Harmonic functions, 468, 676, 677
Harnack’s principle (Problem 36),
518
Heat equation (Section 6.4)
in R?, 482
in R?, 671
Helix, 315
Homogeneous constant coefficient
equation, 262
Hooke’s law (Problem 17), 256
Hyperbolic cosine, 424
Hyperbolic sine, 424

Index 727

i, 85
Implicit function theorem, 216
Implicitly defined curves, 317
Incompressible flow, 618
Independence, 43
Index, 10
Infinitely differentiable, 166, 443
flat, 443
Inner product
in an abstract vector space,
114
in R", 111
in R?, 97
Integrable function, 174, 179
absolutely, 197
Integral
definite, 170
Dirichlet’s, 519
energy, 674
improper (Section 2.9), 195
indefinite, 169
iterated, 177
multiple, 173
of a vector function, 259
on a surface, 657
test, 199
Integrating factor, 549
Integration, 170
formula for change of variable,
614, 579, 621
multiple (Section 2.7), 173
of differential form, 563
Intermediate value theorem, 162
Intersection, 16
Inverse function theorem (Theorem
7.2), 541
of a function, 17, 168
Invertible function, 168
Invertible matrix, 61
Irrotational flow, 631
Isolated singularity, 592
Iterated integral, 177
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Jacobian, 537

Jordan canonical form, 81

Jump discontinuity (Problem 30),
517

k-times differentiable, 240
Kepler’s laws (Problem 68), 399
Kernel
of a linear transformation, 53
Poisson, 458
Kinetic energy, 501

1% (Problem 89), 225
L (Problem 90), 225
Lagrange multipliers, 234
Laplace transform, 521
Laplace’s equation, 467, 672
Laurent expansion (Problem 38),
601
Legendre’s equation, 450
polynomials (Problem 60), 450
Length, 203
of a curve, 331
Liebniz’s theorem, 141
Limit, 165, 196
Linear differential equations (Sec-
tion 3.6), 275
first order, 264
second order (Section 3.7), 289
systems, 278
Linear differential operator, 276
Linear function, 1
Linear span, 40
Linear subspace, 40
basis, 47
dimension, 40
Linear systems of differential equa-
tions, 278
Linear transformation, 28
adjoint, 123
eigenspace, 85
eigenvalue, 77
complex, 89

eigenvector, 77
kernel, 55
nullity, 53
range, 53
rank, 53
self-adjoint, 125
spectral theorem, 125
Lines of curvature (Problem 65), 693
Lines of force, 309
of a fluid flow, 386
Lioville’s formula, 655
Lioville’s theorem (Proposition 7),
587
Lipschitz function, 269
Local, 112
Logarithm (Example 17), 247

Mass, conservation of, 612
Matrix, 8
change of basis, 82
characteristic polynomial, 76
column index, 8
diagonal (Problem 22), 39
diagonalization of, 77
eigenvalue of, 77
eigenvector of, 77
index (Definition 1), 10
invertible, 61
Jordan canonical form of, 81
multiplication, 31
orthogonal (Problem 29), 289
row index; 8
symmetric, 123
transpose, 123
Maximum principle, 449, 586
for analytic functions, 512
for harmonic functions, 472
Maxwell’s equations, 632
Mean square convergence, 496
Mean square distance, 496
Mean value property (Proposition
2), 471



Mean value theorem, 166

Meromorphic function, 610

Mixed partial derivatives (Theorem
2.13), 189

Modulus, 88, 111

Morera’s theorem (Problem 55),
609

Moving trihedron, 359

Multiplication, matrix, 31

Multiplicity, 409

Neighborhood, 111
Neuman’s problem, 473, 675
Newton’s gravitational potential,
679
Newton’s law, 255, 340
Newton’s method, 213
Normal
to a curve in R?, 335
to a surface, 655
Normal acceleration, 335
Normal curvature (Problems 25 and
62), 656, 692
Normal line to a curve, 350
Normal line to a surface, 657
Nullity, 53

One-to-one, 17
Open set, 111
Operator, integral, 507
Order, 187
exponential, 521
Orientation
in R?, 579
in R, 614
of a curve, 321
of a surface, 658
of the boundary in R?, 567
of the boundary in R>, 666
of the boundary of a curve on a
surface, 661
Oriented path, 555

Index 729

Origin, 18

Orthogonal, 97, 111

Orthogonal curves on a surface,
644

Orthogonal family to a family of
curves, 374

Orthogonal matrix (Problem 29),
289

Orthogonal projection, 113

Orthonormal functions, 491

Orthonormal set of vectors, 114

Osculating circle, 357

Osculating plane, 350

Pain, 435
Parametrization, 313, 321
Parseval’s equality, 498
Partial derivative, 187
Partial differentiation, 187
Particle motion, 254, 335
Partition of unity, 444, 451
Path

closed, 555

integral, 562

of motion (of a flow), 612

oriented, 555
Period of a harmonic function

(Problem 46), 608

Periodic function, 452
Permutation, 68

even, odd, 69

interchange, 68
Picard’s theorem

(theorem 3.3), 271

(theorem 3.4), 273

global version (Proposition 9),

286

Plane

in R?, 97

with chosen point, 20
Planetary motion, 390
Plane geometry, 18
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Poincaré’s lemma, 564
Point on a surface (Problem 67)
elliptic, 693
hyperbolic, 693
parabolic, 693
Poisson kernel, 458
Poisson transform, 458
Polar coordinates, 535
Polynomial functions, 406
Population, 252
Positive integers, P, 13
Positively oriented coordinates, 658
Potential energy, 555
Potential function, 555
Power series, 149
addition and multiplication (Pro-
position 3), 426
and Taylor expansions, 246
radius of convergence, 150, 421
Principal curvatures (Problem 62),
692
Principal normal vector, 335
Principle of Mathematical Induc-
tion, 13
Product, matrix, 31
Projection, 113
Properties of analytic functions
(Theorem 7.10), 588

Radius of convergence, 150, 421
Range, 17
Rank, 53
Ratio test, 151
Rational numbers, Q, 15
Real numbers, R, 15
Rearrangement of series, 143
Rectangle, 16

closed, 173

volume of, 173
Rectifying plane, 359
Regrouping of series, 143
Regular domain, 568, 571, 662, 668

Residue theorem, 592, 593
Riemann integrable, 170
R, 16
addition in, 28
linear subspace of, 40
scalar multiplication, 28
Rodrigues’s formula (Problem 65),
693
Root, 409
Root test, 151
Roots of unity, 406
Row operation, 9
transformation corresponding to,
29
Row-reduced matrix, 9
Row reduction, 7

Scalar multiplication
in the plane, 20
in R", 28
Schwartz test functions, 523
Schwarz’s inequality, 120, 223
Schwarz’s lemma, (Problem 60),
610
Second fundamental form (Problem
63), 692
Second-order linear equations, 289
Self-adjoint transformation, 125
Separation of variables, 260, 290
Sequence, 129
convergence of, 131
subsequence of, 130
Series, 137
absolutely convergent, 140
comparison test, 147
conditionally convergent, 140
convergence, 137
Fourier cosine, 481
Fourier sine, 481
geometric, 137
of functions, 401
power, 149



ratio test, 151
root test, 151
Taylor, 246, 509
with positive terms (Proposition
4), 139
Simultaneous linear equations, 2
homogeneous system, 11
Singular solution, 373
Skew-symmetric matrix (Problem
32), 302
Solid angle (Problem 34), 673
Spectral theorem for self-adjoint
operators, 125
Spherical coordinates, 536
Steady flow, 385
Stokes’ theorem, 662, 666
Straight line, 24
Subtraction, 22
Successive approximations, 266
Surface, 635
arc length, 643
area, definition of, 651
definition, 635
developable, 642
elliptic point, 693
first fundamental form, 643
geodesics, 645
hyperbolic point, 693
normal, 655
orientable, 658
orientation, 658
orthogonal curves, 644
parabolic point, 693
patch, 635
second fundamental form, 692
tangent plane, 640
Symmetric bilinear form, 123
Symmetric matrix, 123
System of coordinates, 534

Tangent to a curve, 322, 324

Index 731

Tangent plane
to a curve, 350
to a surface, 640
Tangential acceleration, 335
Taylor expansion, 246
Taylor’s formula (Theorem 3.1),
242
Tests
comparison, 147, 198
integral, 199
ratio, 151
root, 151
Topological terms, 111
Topology, 575
Torsion, 360
Transform
Fourier, 523
Convolution, 520
Laplace, 521-22
Poisson, 458, 524
Transpose of a matrix, 123
Triangle inequality, 120
Trigonometric functions, Taylor ex-
pansion, 246
Trigonometric polynomial, 454

Uniform convergence, 198, 204,
205
Union, 6
Unity
nth roots of, 406
partition of, 444, 451

Variation of parameters, 295
Vector, 20, 28
addition in R?, 21
addition in R", 28
field, 306, 381
independent set, 43
in the plane, 20
product, 100
subtraction in R?, 22
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Vector field, 306, 381 field of a flow, 612
curl, 630 Volume, 173
flux across a surface, 660
radial, 560, 624

divergence, 581, 670 Wave equation, 482
Vector space, 107, 108 Weierstrass approximation theorem
Velocity, 254 (Problem 6), 467

of a particle, 335 Work, 554

of a fluid flow, 385 Wronskian, 293
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